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• ❉❛✉❡r ❞❡r ❑❧❛✉s✉r✿ ✶✽✵ ▼✐♥✉t❡♥✱ ❞❛✈♦♥ ✸✵ ▼✐♥✉t❡♥ ❢ür ❆✉❢❣❛❜❡♥ ♦❤♥❡ ❍✐❧❢s♠✐tt❡❧ ✭❚②♣ ■✮✱
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• ❙❝❤r❡✐❜❡♥ ❙✐❡ ❛✉❢ ❞❛s ❉❡❝❦❜❧❛tt ■❤r❡♥ ◆❛♠❡♥ ✉♥❞ ■❤r❡ ▼❛tr✐❦❡❧♥✉♠♠❡r✳
• ●❡❜❡♥ ❙✐❡ ❜❡✐ ❞❡♥ ❆✉❢❣❛❜❡♥✱ ❞✐❡ ♦❤♥❡ ❍✐❧❢s♠✐tt❡❧ ③✉ ❜❡❛r❜❡✐t❡♥ s✐♥❞✱ ■❤r❡ ▲ös✉♥❣❡♥ ❛✉❢ ❞❡♥ ❆✉❢✲

❣❛❜❡♥❜❧ätt❡r♥ ❛♥✳ ❇❡✐ ❇❡❞❛r❢ ❦ö♥♥❡♥ ❙✐❡ ✇❡✐t❡r❡s ❢❛r❜✐❣❡s ❙❝❤r❡✐❜♣❛♣✐❡r ❛♥❢♦r❞❡r♥✳ ❱❡r✇❡♥❞❡♥ ❙✐❡
❤✐❡r❢ür ❦❡✐♥ ❡✐❣❡♥❡s P❛♣✐❡r✳

• ❉✐❡ ❆✉❢❣❛❜❡♥❜❧ätt❡r ③✉ ❞❡♥ ❆✉❢❣❛❜❡♥✱ ❞✐❡ ♠✐t ❍✐❧❢s♠✐tt❡❧♥ ③✉ ❜❡❛r❜❡✐t❡♥ s✐♥❞✱ s✐♥❞ ③✉s❛♠♠❡♥ ♠✐t
❞❡♥ ③✉❣❡❤ör✐❣❡♥ ▲ös✉♥❣❡♥ ❛❜③✉❣❡❜❡♥✳
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• ❉✐❡ ▲ös✉♥❣❡♥ s♦❧❧❡♥ ❛❧❧❡ ◆❡❜❡♥r❡❝❤♥✉♥❣❡♥ ✉♥❞ ❩✇✐s❝❤❡♥❡r❣❡❜♥✐ss❡ ❡♥t❤❛❧t❡♥✳
• ❚❛s❝❤❡♥r❡❝❤♥❡r s✐♥❞ ♥✉r ❜❡✐ ❞❡r ▲ös✉♥❣ ❞❡r ❆✉❢❣❛❜❡♥ ♠✐t ❍✐❧❢s♠✐tt❡❧ ✭❚②♣ ■■✮ ❡r❧❛✉❜t✳ Pr♦❣r❛♠✲

♠✐❡r❜❛r❡ ❘❡❝❤♥❡r ♥✉r ♦❤♥❡ Pr♦❣r❛♠♠t❡✐❧ ❜❡♥✉t③❡♥✳
• ❉✐❡ ❇❡♥✉t③✉♥❣ ✈♦♥ ❛♥❞❡r❡♥ ❡❧❡❦tr♦♥✐s❝❤❡♥ ●❡rät❡♥ ✭③✳❇✳ ▲❛♣t♦♣s✱ ▼♦❜✐❧t❡❧❡❢♦♥❡✱ ❚❛❜❧❡ts✱ ❡t❝✳✮ ✐st

♥✐❝❤t ③✉❧äss✐❣✳ ❉✐❡s❡ ●❡rät❡ s✐♥❞ ✇ä❤r❡♥❞ ❞❡r ❑❧❛✉s✉r ❛❜③✉s❝❤❛❧t❡♥ ✉♥❞ s♦ ✇❡❣③✉❧❡❣❡♥✱ ❞❛ss ❡✐♥
✉♥♠✐tt❡❧❜❛r❡r ❩✉❣r✐✛✱ ✭③✳❇✳ ❛✉s ❚❛s❝❤❡♥ ✐♥ ❞❡r ❑❧❡✐❞✉♥❣✮ ♥✐❝❤t ♠ö❣❧✐❝❤ ✐st ✉♥❞ s✐♥❞ ✐♥ ❚❛s❝❤❡♥ ③✉
✈❡r✇❛❤r❡♥ ✭③✳❇✳ ❆❦t❡♥t❛s❝❤❡✱ ❘✉❝❦s❛❝❦✱ ♦✳ä✳✮✳ ❋❛❧❧s ❞✐❡s❡ ❘❡❣❡❧ ♥✐❝❤t ❡✐♥❣❡❤❛❧t❡♥ ✇✐r❞✱ ❣✐❧t ❞✐❡s ❛❧s
❚ä✉s❝❤✉♥❣s✈❡rs✉❝❤✳

• ❉❛s ❱❡r❧❛ss❡♥ ❞❡s ❑❧❛✉s✉rr❛✉♠❡s ③✇✐s❝❤❡♥ ❆✉❢❣❛❜❡♥ ❚②♣ ■ ✉♥❞ ❚②♣ ■■ ❞❡r ❑❧❛✉s✉r ✐st ♥✐❝❤t ❣❡st❛tt❡t✳
●❧❡✐❝❤❡s ❣✐❧t ❢ür ❞❛s ❱❡r❧❛ss❡♥ ❞❡s ❘❛✉♠❡s ✈♦r ❆❜❧❛✉❢ ❞❡r ❇❡❛r❜❡✐t✉♥❣s③❡✐t✳
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s♦♥❡♥ ❣❡st❛tt❡t✳
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❇❡st✐♠♠❡♥ ❙✐❡ ❢ür ❞❛s ❞❛r❣❡st❡❧❧t❡ ❙②st❡♠ ❞✐❡ ❊✐♥✢✉ss❧✐♥✐❡♥ ❢ür

❛✮ ✭✶✷ P✳✮ ❞❛s ▼♦♠❡♥t Mr ✐♠ P✉♥❦t r✳ ❇r✐♥❣❡♥ ❙✐❡ ❛✉❢ ❞❡♥ ▲❛st❣✉rt ❜❡❧✐❡❜✐❣ ❦ür③❜❛r❡
❦♦♥st❛♥t❡ ❙tr❡❝❦❡♥❧❛st❡♥ ♠✐t ❡✐♥❡♠ ❲❡rt ✈♦♥ 15 kN/m s♦ ❛✉❢✱ ❞❛ss s✐❝❤ ❞❛s ♠❛①✐♠❛❧❡
♣♦s✐t✐✈❡ ▼♦♠❡♥t ✐♠ P✉♥❦t r ❡✐♥st❡❧❧t ✉♥❞ ❡r♠✐tt❡❧♥ ❙✐❡ ❞❛❢ür ❞❡♥❲❡rt ❢ür ❞❛s ▼♦♠❡♥t
Mr✳

❜✮ ✭✾ P✳✮ ❞✐❡ ◗✉❡r❦r❛❢t Qs ✐♠ P✉♥❦t s✳

❝✮ ✭✹ P✳✮ ❞✐❡ ◆♦r♠❛❧❦r❛❢t Nt ✐♠ P✉♥❦t t✳

❞✮ ✭✺ P✳✮ ❞✐❡ ✈❡rt✐❦❛❧❡ ❆✉✢❛❣❡r❦r❛❢t AV ❛♠ ❑♥♦t❡♥ 1✳

❉❡r ③✉ ❜❡tr❛❝❤t❡♥❞❡ ▲❛st❣✉rt ❞❡s ❙②st❡♠s ✐st ✶✲✷✲✸✲✹✲✺✳

❱❡r✇❡♥❞❡♥ ❙✐❡ ❞✐❡ ❜❡✐❣❡❢ü❣t❡♥ ▲ös✉♥❣s③❡tt❡❧ ♠✐t ❞❡r ❡♥ts♣r❡❝❤❡♥❞❡♥ ❑❡♥♥③❡✐❝❤♥✉♥❣ ✭Mr✱
Qs✱ Nt ✉♥❞ AV ✮✳
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❆✉❢❣❛❜❡ ✸ ✭ ✶✺ P✉♥❦t❡✮

EI = 105 kNm² 
4 m 3 m

... ...EA,GAQ → ∞ 

1 2 3

r

❛✮ ✭✶ P✳✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❛❞ ❞❡r st❛t✐s❝❤❡♥ ❯♥❜❡st✐♠♠t❤❡✐t n ❞❡s ❞❛r❣❡st❡❧❧t❡♥
❙②st❡♠s✳

❜✮ ✭✶✷ P✳✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❞✐❡ ❊✐♥✢✉ss❧✐♥✐❡ ❞❡s ▼♦♠❡♥ts Mr ✐♠ P✉♥❦t r✳ ❱❡r✇❡♥❞❡♥ ❙✐❡
❤✐❡r❢ür ❞❛s ✭n − 1✮✲❢❛❝❤ st❛t✐s❝❤ ✉♥❜❡st✐♠♠t❡ ❙②st❡♠ ✐♥ ❑♦♠❜✐♥❛t✐♦♥ ♠✐t ❞❡♠ ω✲
❱❡r❢❛❤r❡♥✳

❝✮ ✭✷ P✳✮ ❲❡❧❝❤❡♥ ❇❡tr❛❣ ♠üsst❡ ❡✐♥❡ ❊✐♥③❡❧❧❛st ✐♠ P✉♥❦t r ❤❛❜❡♥✱ s♦❞❛ss ❡✐♥ ▼♦♠❡♥t
Mr ❂ ✶✵ ❦◆♠ ❛♠ ❑♥♦t❡♥ ✷ ❛✉❢tr✐tt❄

❍✐♥✇❡✐s✿ ❉✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡r ❊✐♥✢✉ss❧✐♥✐❡ ✐st ❢ür ❞❛s ❣❡s❛♠t❡ ❙②st❡♠ ❡r❢♦r❞❡r❧✐❝❤✳
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❆✉❢❣❛❜❡ ✹ ✭ ✸✵ P✉♥❦t❡✮

1

2

3

4

P = 100 kN 
P

q = 20 kN/m qmax = 40 kN/m Stab 4: ΔT/h = -50 K/m 

ΔT/h cF

cF = 5000 kN/m αT = 1,2 · 10-5 K-1 
EI = 2 · 104 kNm² GAQ → ∞ Stäbe 2, 3, 4: EA → ∞ Stab 1: EA = 2 · 104 kN  

2,0 m 2,0 m 2,0 m 4,0 m 
1,0 m 1,0 m cM

cM → ∞ 

q qmax

❛✮ ✭✷ P✳✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ ●r❛❞ ❞❡r ❣❡♦♠❡tr✐s❝❤❡♥ ❯♥❜❡st✐♠♠t❤❡✐t ng ❞❡s ❣❡③❡✐❣t❡♥
❙②st❡♠s✳

❜✮ ✭✷✽ P✳✮ ❊r♠✐tt❡❧♥ ❙✐❡ ❞❡♥ ▼♦♠❡♥t❡♥✈❡r❧❛✉❢ ❞❡s st❛t✐s❝❤❡♥ ❙②st❡♠s ♠✐t ❍✐❧❢❡ ❞❡s ❲❡❣✲
❣röÿ❡♥✈❡r❢❛❤r❡♥s ✉♥❞ st❡❧❧❡♥ ❙✐❡ ❞✐❡s❡♥ ❣r❛✜s❝❤ ❞❛r✳

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✽
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❆✉❢❣❛❜❡ ✺ ✭ ✾ P✉♥❦t❡✮

❉❛s ❞❛r❣❡st❡❧❧t❡ st❛❜✐❧✐täts❣❡❢ä❤r❞❡t❡ st❛t✐s❝❤❡ ❙②st❡♠ ✐st ✉♥t❡r ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r ❞❛r❣❡✲
st❡❧❧t❡♥ ▲❛st❡✐♥❧❡✐t✉♥❣ ♥❛❝❤ ❞❡♠ ❱❡r❢❛❤r❡♥ ✈♦♥ ❘✐t③ ✉♥❞ ✉♥t❡r ❱❡r✇❡♥❞✉♥❣ ❞❡s Pr✐♥③✐♣s
❞❡r ✈✐rt✉❡❧❧❡♥ ❱❡rs❝❤✐❡❜✉♥❣❡♥ ③✉ ❜❡❛r❜❡✐t❡♥✳ ❆❧❧❡ ●❡♦♠❡tr✐❡♣❛r❛♠❡t❡r ✉♥❞ ▼❛t❡r✐❛❧❞❛t❡♥
s✐♥❞ ❞❡r ❙②st❡♠s❦✐③③❡ ③✉ ❡♥t♥❡❤♠❡♥✳ myxz,w L λP0LPS EA → ∞ EA 
▼❛t❡r✐❛❧✲ ✉♥❞ ◗✉❡rs❝❤♥✐tts✇❡rt❡✿

❊❆ = 18000 ❦◆
❊■ = 7500 ❦◆♠2

▲ = 3 ♠
▲P❙ = 2 ♠

❇❡❧❛st✉♥❣✿

P0 = 1200 ❦◆
♠② = 150 ❦◆♠✴♠

❱❡rs❝❤✐❡❜✉♥❣s❛♥s❛t③✿

❤ =









x2

L

x3

L2









❍✐♥✇❡✐s✿ ❇❡✐ ❞❡r ❇❡❛r❜❡✐t✉♥❣ ❞❡r ❣❡s❛♠t❡♥ ❆✉❢❣❛❜❡ ✐st ❞❡r ❊✐♥✢✉ss ❞❡r ❆①✐❛❧✈❡r③❡rr✉♥❣
ε(x) ❜③✇✳ ❞❡r ✈✐rt✉❡❧❧❡♥ ❆①✐❛❧✈❡r③❡rr✉♥❣ δε(x) ③✉ ✈❡r♥❛❝❤❧äss✐❣❡♥✦

❛✮ ✭✹ P✳✮ ●❡❜❡♥ ❙✐❡ ❞❛s Pr✐♥③✐♣ ❞❡r ✈✐rt✉❡❧❧❡♥ ❱❡rs❝❤✐❡❜✉♥❣❡♥ ❢ür ❞❛s ❞❛r❣❡st❡❧❧t❡ ❙②✲
st❡♠ ❛♥✳ ❉rü❝❦❡♥ ❙✐❡ ❛❧❧❡ ❙❝❤♥✐tt❣röÿ❡♥ ✉♥❞ ✈✐rt✉❡❧❧❡♥ ❑rü♠♠✉♥❣❡♥ ❞✉r❝❤ w(x) ❜③✇✳
❆❜❧❡✐t✉♥❣❡♥ ✈♦♥ w(x) ❛✉s✳

❜✮ ✭✷ P✳✮ Prü❢❡♥ ❙✐❡ ❞❡♥ ♦❜❡♥ ❛♥❣❡❣❡❜❡♥❡♥ ③✇❡✐❣❧✐❡❞r✐❣❡♥ ❆♥s❛t③ ❛✉❢ s❡✐♥❡ ❣❡♦♠❡tr✐s❝❤❡
❩✉❧äss✐❣❦❡✐t✳ ●❡❜❡♥ ❙✐❡ ❤✐❡r❢ür ❞✐❡ ❣❡♦♠❡tr✐s❝❤❡♥ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ❛♥✳

❝✮ ✭✸ P✳✮ ●❡❜❡♥ ❙✐❡ ♠✐t ❍✐❧❢❡ ❞❡s ✈♦r❣❡❣❡❜❡♥❡♥ ❱❡rs❝❤✐❡❜✉♥❣s❛♥s❛t③❡s ❞✐❡ ❢❡❤❧❡♥❞❡♥
❊✐♥trä❣❡ ❞❡r ♠❛t❡r✐❡❧❧❡♥ ❙t❡✐✜❣❦❡✐ts♠❛tr✐① Km✱ ❞❡r ❲❡❣❢❡❞❡r✲❙t❡✐✜❣❦❡✐ts♠❛tr✐① KcPS

✉♥❞ ❞❡r ❣❡♦♠❡tr✐s❝❤❡♥ ❙t❡✐✜❣❦❡✐ts♠❛tr✐① G ❛♥✦

Km =





10000 15000

15000 Km22



 KcPS
=





81000 81000

KcPS21
81000



 G =





G11 5400

5400 6480
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❆✉❢❣❛❜❡ ✻ ✭ ✸✼ P✉♥❦t❡✮

❋ür ❞✐❡ ❞❛r❣❡st❡❧❧t❡ ❑♦♥str✉❦t✐♦♥ s♦❧❧❡♥ ❞✐❡ ✉♥❜❡❦❛♥♥t❡♥ ❱❡r❢♦r♠✉♥❣❡♥ ♥❛❝❤ ❚❤❡♦r✐❡

✷✳ ❖r❞♥✉♥❣ ❜❡st✐♠♠t ✇❡r❞❡♥✳ ❆❧❧❡ ▼❛t❡r✐❛❧♣❛r❛♠❡t❡r ✉♥❞ ●❡♦♠❡tr✐❡❞❛t❡♥ ❞❡s st❛t✐s❝❤❡♥
❙②st❡♠s s♦✇✐❡ ③✇❡✐ ❱❡r❢♦r♠✉♥❣❡♥ ✉∗ ✉♥❞ ϕ∗ ❛♥ ❡✐♥❡♠ ❑♥♦t❡♥ s✐♥❞ ❜❡❦❛♥♥t ✉♥❞ ❦ö♥♥❡♥
❞❡r ❙②st❡♠s❦✐③③❡ ❡♥t♥♦♠♠❡♥ ✇❡r❞❡♥✳ ❉✐❡ ◆♦r♠❛❧❦rä❢t❡ ♥❛❝❤ ❚❤❡♦r✐❡ ■✳ ❖r❞♥✉♥❣ ✇✉r❞❡♥
❜❡r❡✐ts✱ ✇✐❡ ❛✉❢ ❞❡r ❢♦❧❣❡♥❞❡♥ ❙❡✐t❡ ❞❛r❣❡st❡❧❧t✱ ❜❡r❡❝❤♥❡t✳ ❱❡r❡✐♥❢❛❝❤❡♥❞ ❦❛♥♥ ❢ür ③✉❣❜❡❛♥✲
s♣r✉❝❤t❡ ❙tä❜❡ ♥❛❝❤ ❚❤❡♦r✐❡ ✶✳ ❖r❞♥✉♥❣ ❣❡r❡❝❤♥❡t ✇❡r❞❡♥✦

1m

3m 1m 2m

3m

q0

M

F1

q1

q

φ*

u*

F2

▼❛t❡r✐❛❧✲ ✉♥❞ ◗✉❡rs❝❤♥✐tts✇❡rt❡✿

❊ = 20000 ❦◆✴❝♠2

❆ = 50 ❝♠2

■ = 3000 ❝♠4

✈♦r❣❡❣❡❜❡♥❡ ❱❡r❢♦r♠✉♥❣❡♥✿

✉∗ = 0, 1111 ❝♠
ϕ∗ = −0, 00604 r❛❞

❇❡❧❛st✉♥❣✿

❋1 = 250 ❦◆
❋2 = 700 ❦◆
▼ = 120 ❦◆♠
q = 1080 ❦◆✴♠
q
0
= 800 ❦◆✴♠

q
1
= 1300 ❦◆✴♠
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❛✮ ✭✶ P✳✮ ❙❦✐③③✐❡r❡♥ ❙✐❡ ❞✐❡ ❱❡r❢♦r♠✉♥❣s✜❣✉r ❢ür ❞✐❡ ❣❡❣❡❜❡♥❡ ❇❡❧❛st✉♥❣✦

❜✮ ✭✸ P✳✮ ❩❡✐❝❤♥❡♥ ❙✐❡ ❞✐❡ ✉♥❜❡❦❛♥♥t❡♥ ❑♥♦t❡♥❢r❡✐❤❡✐ts❣r❛❞❡ ❡✐♥✦

❝✮ ✭✷✶ P✳✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ③✉ ❞❡♥ ✉♥❜❡❦❛♥♥t❡♥ ❑♥♦t❡♥❢r❡✐❤❡✐ts❣r❛❞❡♥ ❦♦rr❡s♣♦♥❞✐❡r❡♥✲
❞❡ r❡❞✉③✐❡rt❡ ●❡s❛♠tst❡✐✜❣❦❡✐ts♠❛tr✐① ❞❡s ❙②st❡♠s Kred✳

❞✮ ✭✺ P✳✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ r❡❞✉③✐❡rt❡♥ ❙②st❡♠❧❛st✈❡❦t♦r rred✳

❡✮ ✭✼ P✳✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ✉♥❜❡❦❛♥♥t❡♥ ❑♥♦t❡♥❢r❡✐❤❡✐ts❣r❛❞❡ ❞❡s ❚r❛❣✇❡r❦s ✉♥❞ ✈❡r✲
❣❧❡✐❝❤❡♥ ❙✐❡ ❞✐❡ ❜❡r❡❝❤♥❡t❡♥ ❊r❣❡❜♥✐ss❡ ♠✐t ■❤r❡r ❡r✇❛rt❡t❡♥ ❱❡r❢♦r♠✉♥❣s✜❣✉r✳

-191

-556

-1171-

-

-

+

906

◆♦r♠❛❧❦rä❢t❡ ♥❛❝❤ ❚❤r❡♦r✐❡ ■✳ ❖r❞♥✉♥❣ ❬❦◆❪
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❆✉❢❣❛❜❡ ✼ ✭ ✷✾ P✉♥❦t❡✮

❉❛s ❞❛r❣❡st❡❧❧t❡ s②♠♠❡tr✐s❝❤❡ ❋❛❝❤✇❡r❦s②st❡♠ ✐st ♠✐t ❞❡♥ ❊✐♥③❡❧❦rä❢t❡♥ ❋1,❋2 ✉♥❞ ❋3 ❜❡✲
❧❛st❡t✳ ❆❧❧❡ ▼❛t❡r✐❛❧♣❛r❛♠❡t❡r ✉♥❞ ●❡♦♠❡tr✐❡❞❛t❡♥ s✐♥❞ ❞❡r ❙②st❡♠s❦✐③③❡ ③✉ ❡♥t♥❡❤♠❡♥✳
❆❧❧❡ ❇❡r❡❝❤♥✉♥❣❡♥ s✐♥❞ ♠✐t ❍✐❧❢❡ ❞❡r ❋✐♥✐t❡ ❊❧❡♠❡♥t❡ ▼❡t❤♦❞❡ ❛✉❢ ❇❛s✐s ❧✐♥❡❛r❡r ❆♥✲
s❛t③❢✉♥❦t✐♦♥❡♥ ❞✉r❝❤③✉❢ü❤r❡♥✳ ❱❡r✇❡♥❞❡♥ ❙✐❡ ❜❡✐ ❞❡r ❇❡r❡❝❤♥✉♥❣ ❞✐❡ ♠✐t ❞✐❡s❡♥ ❆♥sät③❡♥
❡r❤❛❧t❡♥❡♥ ❙t❡✐✜❣❦❡✐ts♠❛tr✐③❡♥✳

1,5m 2m

EA → ∞ EA → ∞ EA → ∞ EA → ∞ c F c F

1,5m2m
2m
1,5m

F1 F1
F2 F2

F3 F3
▼❛t❡r✐❛❧✲ ✉♥❞ ◗✉❡rs❝❤♥✐tts✇❡rt❡✿

❊❆ = 105000 ❦◆
❝❋ = 500 ❦◆✴♠

❇❡❧❛st✉♥❣✿

❋1 = 1550 ❦◆
❋2 = 1200 ❦◆
❋3 = 900 ❦◆

❛✮ ✭✶ P✳✮ ❙❦✐③③✐❡r❡♥ ❙✐❡ ❞✐❡ ❱❡r❢♦r♠✉♥❣s✜❣✉r ❢ür ❞❛s ❣❡s❛♠t❡ ❙②st❡♠✳

❜✮ ✭✹ P✳✮ ❲✐❡✈✐❡❧ ✉♥❛❜❤ä♥❣✐❣❡ ❋r❡✐❤❡✐ts❣r❛❞❡ ❤❛t ❞❛s ❙②st❡♠ ✉♥t❡r ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r
❙②♠♠❡tr✐❡❄

❝✮ ✭✶✽✱✺ P✳✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞✐❡ ③✉ ❞❡♥ ✉♥❜❡❦❛♥♥t❡♥ ❑♥♦t❡♥❢r❡✐❤❡✐ts❣r❛❞❡♥ ❦♦rr❡s♣♦♥❞✐❡✲
r❡♥❞❡ r❡❞✉③✐❡rt❡ ●❡s❛♠tst❡✐✜❣❦❡✐ts♠❛tr✐① Kred ❞❡s ❙②st❡♠s✳

❞✮ ✭✶✱✺ P✳✮ ❇❡st✐♠♠❡♥ ❙✐❡ ❞❡♥ r❡❞✉③✐❡rt❡♥ ❙②st❡♠❦♥♦t❡♥❧❛st✈❡❦t♦r rred✳

❡✮ ✭✹ P✳✮ ❇❡r❡❝❤♥❡♥ ❙✐❡ ❞✐❡ ❱❡r❢♦r♠✉♥❣❡♥ u ❞❡s ❙②st❡♠s ✉♥❞ ✈❡r❣❧❡✐❝❤❡♥ ❙✐❡ ❞✐❡ ❜❡r❡❝❤✲
♥❡t❡♥ ❊r❣❡❜♥✐ss❡ ♠✐t ■❤r❡r ❡r✇❛rt❡t❡♥ ❱❡r❢♦r♠✉♥❣s✜❣✉r✳

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✶✷
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❆✉❢❣❛❜❡ ✷ ✭✸✵ P✉♥❦t❡✮

▲ös✉♥❣ ❛✉❢ ❢♦❧❣❡♥❞❡♥ ❙❡✐t❡♥

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✶









❘✉❤r✲❯♥✐✈❡rs✐tät ❇♦❝❤✉♠ • ❇❛✉✲ ✉♥❞ ❯♠✇❡❧t✐♥❣❡♥✐❡✉r✇✐ss❡♥s❝❤❛❢t❡♥ • ❙t❛t✐❦ ✉♥❞ ❉②♥❛♠✐❦

❆✉❢❣❛❜❡ ✸ ✭✶✺ P✉♥❦t❡✮

❜✮ ◆✉r ❢ür ❜❡❧❛st❡t❡♥ ❙t❛❜ ♥öt✐❣✿
w1(x) = 8 · 10−5(x/4− x2/16) + 3, 56 · 10−5((1− x/4)− (1− x/4)3)− 1, 51 · 10−4x/4
w2(x) = 1, 5 · 10−5((1− x/3)− (1− x/3)3)− 1, 51 · 10−4(1− x/3)
f = −7871, 7201

❝✮ F = −8, 407 kN

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✺



❘✉❤r✲❯♥✐✈❡rs✐tät ❇♦❝❤✉♠ • ❇❛✉✲ ✉♥❞ ❯♠✇❡❧t✐♥❣❡♥✐❡✉r✇✐ss❡♥s❝❤❛❢t❡♥ • ❙t❛t✐❦ ✉♥❞ ❉②♥❛♠✐❦

❆✉❢❣❛❜❡ ✹ ✭✸✵ P✉♥❦t❡✮

❜✮ ϕ = 0, 876 ∗ 10−3

w = 5, 76mm

M1
i = 0

M1
k = 50, 6

M2
k = 2, 91

M2
i = −68, 33

M3
i = 60, 05

M3
k = −7, 48

M4
i = 8, 28

M4
k = 0

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✻
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❆✉❢❣❛❜❡ ✺ ✭✾ P✉♥❦t❡✮

❛✮

δW = δW✐♥t − δW❡①t = 0

δW✐♥t =

∫ L

0

EIwIIδwII dx− λP0

∫ L

0

wIδwIdx+ ❝P❙w(3)δw(3)

♠✐t✿ cPS =
EA

LPS

= 9000
kN

m

δW❡①t = −

∫ L

0

myδw
Idx

❜✮

h1 =
x2

L
h′

1 = 2
x

L
h′′

1 =
2

L

h2 =
x3

L2
h′

2 = 3
x2

L2
h′′

2 = 6
x

L2

❣❡♦♠❡tr✐s❝❤❡ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ü❜❡r♣rü❢❡♥✿

w(x = 0) = 0 → h1(0) = 0
√

h2(0) = 0
√

w′(x = 0) = 0 → h′

1(0) = 0
√

h′

2(0) = 0
√

❝✮ ♠❛t❡r✐❡❧❧❡ ❙t❡✐✜❣❦❡✐ts♠❛tr✐①

Km22 = 30000

❲❡❣❢❡❞❡rst❡✐✜❣❦❡✐ts♠❛tr✐①

KcPS21
= 81000

❣❡♦♠❡tr✐s❝❤❡ ❙t❡✐✜❣❦❡✐ts♠❛tr✐①

G11 = 4800

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✼
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❆✉❢❣❛❜❡ ✻ ✭✸✼ P✉♥❦t❡✮

❛✮ ✰❜✮ ❱❡r❢♦r♠✉♥❣s✜❣✉r ✉♥❞ ❑♥♦t❡♥❢r❡✐❤❡✐ts❣r❛❞❡

 1m
3m 1m 2m

3m
q0

M

F1

q1

q

φ*

u*

F2
φ2 u2

w4

1
2

3

4

❝✮

k1
r❡❞ =

[

284857, 56 −1138, 62

−1138, 62 7590, 13

]

k2
r❡❞ =











33610, 15 −3397, 64 −33610, 15 −3397, 64

−3397, 64 7508, 54 3397, 64 3815, 94

−33610, 15 3397, 64 33610, 15 3397, 64

−3397, 64 3815, 94 3397, 64 7508, 54











k3
r❡❞ =





500000 0 0

0 11850 8944, 50

0 8944, 50 8666, 34





❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✽
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k4
r❡❞ =

[

333333, 33
]

❆ss❡♠❜❧✐❡r❡♥✿

Kred =















318467, 71 −4536, 26 0 −33610, 15 −3397, 64

−4536, 26 15098, 67 0 3397, 64 3815, 94

0 0 341999, 67 0 8944, 50

−33610, 15 3397, 64 0 533610, 15 3397, 64

−3397, 64 3815, 94 8944, 50 3397, 64 19358, 54















❞✮ ❑♥♦t❡♥❧❛st✈❡❦t♦r

rn =















700

−120

0

250

0















❊❧❡♠❡♥t❧❛st✈❡❦t♦r❡♥

r1p =

[

539, 95

−899, 84

]

r3p =





0

−340, 09

1149, 96





⇒ rred =















1239, 95

−1019, 84

1149, 96

250

−340, 09















❡✮





u2

ϕ2

w4



 =





318467, 71 −4536, 26 0

−4536, 26 15098, 67 0

0 0 341999, 67





(−1) 



1256, 77

−1000, 57

1203, 98



 =





3, 015 · 10−3

−0, 0654

3, 5204 · 10−3









♠

r❛❞

♠





❉✐❡ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡♥ st✐♠♠t ♠✐t ❞❡r ❱❡r❢♦r♠✉♥❣s✜❣✉r ü❜❡r❡✐♥✳

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✾
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❆✉❢❣❛❜❡ ✼ ✭✷✾ P✉♥❦t❡✮

❛✮ ❱❡r❢♦r♠✉♥❣s✜❣✉r

1,5m 2m

EA → ∞ EA → ∞ EA → ∞ EA → ∞ c F c F

1,5m2m
2m
1,5m

F1 F1
F2 F2

F3 F3
❜✮ ✸ ✉♥❛❜❤ä♥❣✐❣❡ ❋●

1,5m 2m

EA → ∞ EA → ∞ 
c F

2m
1,5m

F1
F2

F3
u2u1

w2
w3

w2 = w3 21

3
4

5

6

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✶✵
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❝✮

k1
r❡❞ =

[

70000
]

k2
r❡❞ =

[

52500
]

k3
r❡❞ =

[

15120, 07 20160, 02

20160, 02 26879, 93

]

k4
r❡❞ =





0 0 0

0 0 0

0 0 52500





k5
r❡❞ =

[

18564, 36 −18564, 36

−18564, 36 18564, 36

]

k6
r❡❞ =

[

26879, 93 20160, 02

20160, 02 15120, 07

]

❆ss❡♠❜❧✐❡r❡♥✿

Kred =





122500 0 0

0 61064, 36 21755, 68

0 21755, 68 113064, 36





❞✮ rred =





900

1200

−1550





❡✮





u1

u2

w2



 =





7, 3469 · 10−3

0, 02634

−0, 01878









♠

♠

♠





❉✐❡ ❜❡r❡❝❤♥❡t❡♥ ❲❡rt❡♥ st✐♠♠t ♠✐t ❞❡r ❱❡r❢♦r♠✉♥❣s✜❣✉r ü❜❡r❡✐♥✳

❑❧❛✉s✉r ❇❛✉st❛t✐❦ ✲ ❋rü❤❥❛❤r ✷✵✶✼ ✶✶


